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Achieving control over magnon spin currents in insulating magnets—where dissipation due to
Joule heating is highly suppressed—is an active area of research that could lead to energy-efficient
spintronics applications. However, magnon spin currents supported by conventional systems with
uniform magnetic order have proven hard to control. An alternative approach that relies on topolog-
ically protected magnonic edge states of spatially periodic magnetic textures has recently emerged.
A prime example of such textures is the ferromagnetic skyrmion crystal which hosts chiral edge
states providing a platform for magnon spin currents. Here, we show, for the first time, an external
magnetic field can drive a topological phase transition in the spin wave spectrum of a ferromagnetic
skyrmion crystal. The topological phase transition is signaled by the closing of a low-energy bulk
magnon gap at a critical field. In the topological phase, below the critical field, two topologically
protected chiral magnonic edge states lie within this gap, but they unravel in the trivial phase, above
the critical field. Remarkably, the topological phase transition involves an inversion of two magnon
bands that at the Γ point correspond to the breathing and anticlockwise modes of the skyrmions in
the crystal. Our findings suggest that an external magnetic field could be used as a knob to switch
on and off magnon spin currents carried by topologically protected chiral magnonic edge states.
A major obstacle to meet the demand for ever smaller
logic and storage devices, based on expectations set by
Moore’s law, is the pernicious effect of Joule heating [1].
Two diverging approaches relying on spin degrees of free-
dom instead of electric charges have come to the rescue.
Embracing heating effects and trying to utilize them to
produce electronic spin currents is the goal of the field
of spin caloritronics [2]. Alternatively, avoiding displac-
ing electric charges altogether can be achieved via spin
currents carried by magnons in insulating magnets [3–6].
While several magnonic analogs of electronic phenom-
ena that could help design the next generation of energy
efficient devices have already been identified [3, 7–9], a
growing niche for magnon spin current applications that
stray from those inspired by conventional electronics has
recently emerged [10, 11].
Despite progress on launching and getting a handle on
the directionality of magnon spin waves [12–15], reliable
control of their propagation and robustness against sam-
ple imperfections are still lacking. Realizing such con-
trol could be attained in topological magnon insulators
[16–18], systems with a spatially periodic magnetic tex-
ture that support topologically protected magnonic edge
states. A promising platform for the nascent field of topo-
logical magnonics [19–21] are ferromagnetic skyrmion
crystals (FM-SkXs) [22, 23], whose magnetic texure is
shown in Fig. 1. Although their low energy spin wave
modes had been investigated before [24–27], only recently
they were predicted to host chiral magnonic edge states
protected by the nontrivial topology of their bulk magnon
bands [28].
In contrast to electronic topological insulators, ground-
state magnetic phases such as FM-SkXs, and conse-
FIG. 1. Ferromagnetic skyrmion crystal texture. Trian-
gular crystal of ferromagnetic Ne´el skyrmions obtained from
the classical ground-state texture of the spin-lattice Hamil-
tonian model for D/J = 1.0 and b = 0.8. The out-of-plane
component of the moments is color-coded.
quently the spin wave spectrum they support, depend
crucially on applied magnetic fields. Therefore, it is a
nontrivial question whether a magnetic field can drive a
topological phase transition in the spin wave spectrum
without drastically modifying the ground-state texture.
Quite remarkably, we discover that there is a window
of magnetic field values where such a phase transition
between two topologically distinct spin wave spectra of
the FM-SkX can be observed. It involves two low-energy
bulk magnon bands, which at the Γ point correspond
to the anticlockwise and breathing modes [26]. Recent
experimental studies in bulk chiral magnets show the en-
ergy difference of these modes gets smaller with increas-
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2ing magnetic field, but it does not vanish upon reaching
the boundary with the conical phase [27]. On the other
hand, our two-dimensional model predicts a critical mag-
netic field value at which these two bands touch at the Γ
point, closing a magnon gap and signaling the topological
phase transition. Increasing the magnetic field past this
critical value reopens the gap, the bands exchange Chern
numbers, and band inversion takes place in the vicin-
ity of the gap-closing point. Furthermore, topologically
protected chiral magnonic edge states within this gap
are only supported in the phase below the critical field.
Therefore, an external magnetic field could be used to
control the propagation of robust magnon spin currents
with a defined directionality along the edge of FM-SkXs
in thin films.
SPIN WAVES IN A FERROMAGNETIC
SKYRMION CRYSTAL
The FM-SkX is obtained from the classical ground-
state texture of spin-S operators on a triangular lattice
(with lattice constant a) governed by the Hamiltonian
H = − 12
∑
<r,r′>
(
Jr,r′Sr · Sr′ +Dr,r′ · Sr × Sr′
)
+ gµBB
∑
r
Sr · zˆ , (1)
including nearest neighbor exchange, Jr,r′ = J ,
and interfacial Dzyaloshinskii-Moriya (DM) interactions,
Dr,r′ = D zˆ×(r−r′)/|r−r′|, as well as a coupling to an
external magnetic field, Bzˆ, where g is the gyromagnetic
ratio and µB is the Bohr magneton. Focusing on zero
temperature, we use Monte Carlo simulated annealing
[29] followed by further time evolution employing a re-
stricted Landau-Lifshitz-Gilbert (LLG) equation [30] to
obtain the classical ground-state spin texture as a func-
tion of the magnetic field. The magnetic moment texture
of the FM-SkX is related to the classical ground-state
spin texture by Mr = −〈GS|Sr|GS〉, whose direction
mˆr = Mr/|Mr| is shown in Fig. 1.
Spin waves are described by rotating the spin quan-
tization axis at each lattice site along the direction of
the FM-SkX spin texture so that the rotated spin op-
erators model collective excitations about this classical
ground state. Assuming small deviations, we employ a
standard transformation mapping the rotated spin oper-
ators to Holstein-Primakoff (HP) bosons [31], ar and a
†
r,
to then expand in powers of 1/S [32].
The FM-SkX is a triangular crystal of skyrmions. Its
magnetic unit cell, a single skyrmion, consists of many
spins. This is naturally described by a triangular Bra-
vais lattice, R, with a basis, rj . Therefore, the trian-
gular lattice of spins is partitioned as r = R + rj . The
Hamiltonian of free spin waves is then obtained, by tak-
ing a lattice Fourier transform, as the O(S) piece in the
expansion
HSW =
1
2S
∑
k;i,j
Ψ†kiHij(k)Ψkj + E0 . (2)
Here Ψki = (aki , a
†
−ki)
T , akj =
1√
N
∑
R e
−ik·(R+rj) aRj , E0 = − 12NS
∑
i Λi, with
N being the total number of magnetic unit cells,
Hij(k) =
(
Ωij(k) −∆ij(k)
−∆∗ij(−k) Ω∗ij(−k)
)
, (3)
where ∆ij(k) =
1
2
[
Jij(k) e
+
i · e+j + Dij(k) · e+i × e+j
]
,
Ωij(k) = δijΛi − 12
[
Jij(k) e
+
i · e−j + Dij(k) · e+i × e−j
]
,
Λi =
∑
j
[
Jij(k = 0) e
3
i · e3j + Dij(k = 0) ·
e3i × e3j
] − bJ e3i · zˆ, with b = gµBB/JS, Jij(k) =∑
R JR+ri,rje
−ik·(R+ri−rj) and mutatis mutandis for
Dij(k). The orthonormal frame {e1j , e2j , e3j} is defined
at each magnetic unit cell site j, where e3j is parallel to
the classical ground-state spin texture and e±j = e
1
j±i e2j .
A paraunitary Bogoliubov transformation, Tk, diago-
nalizes the above spin wave Hamiltonian yielding
HSW = S
∑
k,λ
Ekλ
(
α†kλαkλ +
1
2
)
+ E0 , (4)
where α†kλ creates magnons with crystal momentum
k at the λ-th band whose energy is given by Ekλ.
Each band can be classified by their Chern num-
ber, a topological index defined in reciprocal space,
given by an integral over the first Brillouin zone,
Cλ = i
∫
dk µνTr{Pλ(k) [∂kµPλ(k)] ∂kνPλ(k)}/2pi, with
Pλ(k) = Tk Πλ σz T
†
k σz being a projection operator and
(Πλ)ij = δλiδij [16].
We numerically compute the bulk magnon band struc-
ture and the Chern number of the lowest energy bands
as a function of external magnetic field. Using magnon
coherent states (details in the Supplementary Material)
we also obtain the time evolution of the real-space defor-
mation of the FM-SkX for those same bands.
NEARLY FLAT AND DISPERSIVE BANDS
Now we discuss the magnon bands. Figures 2 (a)-(d)
show the lowest energy bulk magnon bands for increas-
ing values of the (rescaled) external magnetic field b. The
majority of the bands are dispersive, but a few of them
appear to be nearly flat. As the magnetic field increases,
the nearly flat bands are shifted to higher energies, while
the dispersive bands remain almost unaffected. More-
over, overlapping bands belonging to these two different
classes hybridize less the lower their energy is. At the Γ
point, for k = 0, time evolution reveals the nearly flat
bands correspond to elliptical, triangular, square, and
pentagonal distortions of the individual skyrmions in the
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FIG. 2. Magnetic field dependence of the magnon spectrum. (a)-(d) Bulk magnon spectra of the FM-SkX along the
first Brillouin zone loop K-Γ-M -K for increasing values of the applied magnetic field b = gµBB/JS. Nearly flat (dispersive)
bands are depicted in purple (gray). The anticlockwise (A), breathing (B), and clockwise (C) modes are respectively denoted
in blue, red, and green. (e) Localized skyrmion distortions corresponding to the nearly flat bands from panels (a)-(d), labeled
by their azimuthal number m.
FM-SkX [see Fig. 2 (e)]. As time evolves, these local-
ized deformations rotate clockwise, retaining their shape,
about the center of each skyrmion and uniformly across
the FM-SkX. For k 6= 0, the distortions of individual
skyrmions are identical up to a phase, eik·r, as expected
of spatially modulated, propagating spin waves (see Fig.
S1 in the Supplementary Material).
The above modes are expected to be part of the
magnon spectrum because they also appear in the spec-
trum of isolated skyrmions [33], and are known to affect
their dynamics [34]. In analogy to small distortions of
a circular domain wall, which can be classified by their
azimuthal number m ∈ {0, 1, 2, ...}, we also label these
magnon bands by m. Although not as flat as the others,
but sharing the same real-space time evolution features,
the second lowest energy band corresponds to m = 2.
Note, however, that it flattens out with increasing mag-
netic field because, as skyrmions shrink, their overlap
with nearest neighbors decreases, hence approaching the
isolated skyrmion limit. The lowest energy band corre-
sponds to a localized gyrotropic mode, a remnant of the
translational modes (m = 1) of the isolated skyrmion
[25]. Remarkably, the Chern number of all the nearly
flat bands is zero.
Among the dispersive modes there are three of spe-
cial importance: anticlockwise (A), breathing (B), and
clockwise (C). They correspond to skyrmion distortions
in the vicinity of k = 0 [see Figs. 2 (a)-(d)]. First pre-
dicted by LLG simulations [26], these three low energy
modes can be excited by spatially uniform AC magnetic
fields: out-of-plane for the breathing mode and in-plane
for the anticlockwise and clockwise modes. They have
been observed experimentally in bulk samples of chiral
[27, 35, 36] and polar magnets [37].
Isolated skyrmions also support a localized breathing
mode, with azimuthal number m = 0, characterized by
axially symmetric distortions of their size, periodically
shrinking and expanding. However, the breathing mode
present in the FM-SkX magnon spectrum is not localized
because of the strong overlap experienced by neighboring
skyrmions as they expand.
When a nearly flat band passes through a dispersive
one, the spin wave mode associated to each band remains
largely the same. Despite their overlap in energy, the
bands hardly hybridize with each other. By tracking the
Chern number of the lowest energy bands as the mag-
netic field is increased we observe no exchange of Chern
number between nearly flat and dispersive bands. There-
fore, these two distinct classes of bands are topologically
decoupled.
TOPOLOGICAL PHASE TRANSITION
Next, we turn to the topological phase transition. As
shown in the sequence from Fig. 2, the anticlockwise and
breathing modes approach each other when the magnetic
field increases. By further ramping up the field we ob-
serve the third bulk magnon gap closing and then re-
opening with the two bands touching at the Γ point at
a critical field bc = 0.88 forming a Dirac-like point [see
Fig. 3 (b)]. This gap closing is profoundly different from
the others involving nearly flat bands as evidenced by
the spin wave modes in the vicinity of the Γ point. For
4magnetic fields smaller than the critical value, b < bc, the
third band corresponds to the anticlockwise mode while
the fourth band to the breathing mode [see Fig. 3 (a)].
On the other hand, for b > bc, these spin wave modes
are inverted [see Fig. 3 (c)]. However, band inversion
does not guarantee the occurrence of a topological phase
transition [38].
A better assessment of the nature of the spin wave
spectrum changes with magnetic field is given by tracking
the Chern numbers. For external magnetic fields larger
than the critical value, the third band exhibits a change
from C3 = 1 to C3 = 0 [see Fig. 3 (d)], becoming topo-
logically trivial, while the fourth band jumps from C4 = 1
to C4 = 2: a transfer of Chern number takes place.
Increasing the magnetic field in this range merely
shrinks the size of the skyrmions in the FM-SkX with-
out breaking any symmetries. Nevertheless, the bulk
magnonic band structure experiences a clear change in
its topology. Thus, the system indeed is expected to un-
dergo a topological phase transition at bc.
MAGNONIC EDGE STATES AND DISORDER
Besides the inversion of the anticlockwise and breath-
ing modes, there is another measurable consequence of
the topological phase transition. The bulk-edge cor-
respondence postulates that the number of edge states
within the i-th bulk gap, νi, is related to the Chern num-
bers of the bulk bands below that gap via νi =
∑
j≤i Cj
[39, 40]. Accordingly, since ν3 = 1, a topologically
protected chiral magnonic edge state should be present
within the third bulk gap for b < bc, but not for bc < b.
However, the predictions of this correspondence still must
be checked. As a matter of fact, a stringent requirement
of the bulk-edge correspondence is that the finite-sized
bulk should consist of an integer number of unit cells
[41], which is not necessarily expected to hold for every
sample.
Obtaining a finite system by simply cutting the infinite
bulk texture of the FM-SkX arbitrarily is likely to result
in a spin configuration that is neither the global nor a
local energy minimum, and for which magnons cannot
be properly defined. To avoid this issue, we place our
system on a generic strip geometry where the edges are a
result of sample termination. By recomputing the mini-
mum energy spin configuration of the system in this new
geometry, we make sure we obtain more physical bulk
and edge textures.
On the new geometry, the FM-SkX reconstructs near
the edges and gets slightly distorted (see Fig. S2 in the
Supplementary Material). We choose a sufficiently wide
strip to ensure that the system better approximates a
large bulk sample with edges. After identifying the new
magnetic unit cell we compute the one-dimensional band
structure, which typically contains sets of bulk subbands
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FIG. 3. Magnetic field-driven topological phase tran-
sition. (a)-(c) Bulk magnon spectrum of the FM-SkX in the
vicinity of the topological phase transition: (a) for b = 0.80,
(b) for b = bc = 0.88, and (c) for b = 0.95. The anticlockwise
(A) and breathing (B) modes, shown respectively in blue and
red, get inverted. (d) Chern numbers of the three lowest en-
ergy bands, {C1, C2, C3}, as functions of the magnetic field.
C3 exhibits a sudden decrease from one to zero as the mag-
netic field increases past bc, rendering the third band topolog-
ically trivial. (e) Size of the third gap, ∆3, as a function of the
magnetic field, which vanishes at bc and grows linearly in the
vicinity of the topological phase transition. (f) and (g): Snap-
shots of the time evolution of the out-of-plane magnetization
of the anticlockwise and breathing mode, respectively. Here
T denotes the period of both spin wave modes, for simplicity.
interspersed with ingap edge state bands. Topologically
protected edge state bands are expected to extend across
the gaps connecting consecutive sets of bulk subbands.
In Figure 4 (a) and (c) we show the one-dimensional
band structure for b = 0.80 and b = 0.95, respectively,
of the pristine FM-SkX. Consistent with the prediction
of the bulk-edge correspondence, while there are no edge
states within either the first or second gap, they appear
within the third gap for both magnetic field values. How-
ever, only in the topological phase, b < bc, edge states
extending across the third gap are present (blue and red),
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FIG. 4. Robustness of magnonic edge states against
disorder. One-dimensional magnon spectra on an infinite
strip: (a) pristine FM-SkX at b = 0.80, (b) disordered FM-
SkX at b = 0.80, (c) pristine FM-SkX at b = 0.95, and (d)
disordered FM-SkX at b = 0.95. Bulk subbands are shown
in gray and Gs is the size of the one-dimensional Brillouin
zone. (a) & (b): For b < bc, the pristine FM-SkX supports
topologically protected chiral magnonic edge states within the
third gap [right- (left-)moving in blue (red)] which are stable
against disorder, while the topologically trivial edge states
(purple) are not. (c) & (d): For b > bc, the topologically
trivial edge states within the third gap (purple) of the pristine
FM-SkX, disappear upon introducing disorder. Edge states
within higher energy gaps are indicated in black.
while topologically trivial edge states (purple) can be
seen in the third gap of both phases.
To expose the topologically protected edge states while
at the same time removing the topologically trivial ones,
we introduce a special type of disorder by applying a
larger magnetic field along a narrow sliver near the strip
edges. The texture is then relaxed to a new, stable mag-
netic field configuration. As depicted in Figs. 4 (b) and
(d), this model of disorder predominantly changes the
edge state bands leaving the bulk subbands mostly in-
variant. Adding this disorder to the topologically trivial
phase completely removes the edge states from the third
gap [see Fig. 4 (d)]. In contrast, only two edge states
remain within the third gap in the topological phase [see
Fig. 4 (b)]. Moreover, these edge states are chiral as
confirmed by their magnonic wave function. The right-
moving (blue) and left-moving (red) edge states are lo-
calized at opposite edges of the strip, consistent with a
positive winding as predicted by the sign of ν3 (see the
Supplementary Material for details).
In agreement with the predictions of the bulk-edge cor-
respondence, the above results suggest that the magnonic
edge states that remain after introducing disorder are
topologically protected. Conversely, the edge states that
connect a bulk subband set with itself and which unravel
with disorder are topologically trivial. We observe two
topologically protected edge states in Figs. 4 (a) and (b)
instead of one, as expected from ν3 = 1, because we use
a strip of infinite extension with two spatially separated
edges. If we made our strip geometry of finite size, we
would observe a single state propagating clockwise along
the edge.
DISCUSSION
The anticlockwise, breathing, and clockwise modes
have been measured in bulk samples of semiconducting,
metallic, and insulating chiral magnets [27, 35, 36]. Their
reported energy order (EA < EB < EC) and their mag-
netic field dependence are in agreement with our spin
wave calculations below the critical field bc. Also sim-
ilar to our results, the excitation energies of the anti-
clockwise and breathing modes are observed to approach
each other up to the largest field they exist, right at the
transition from the FM-SkX to the conical phase. Our
two-dimensional model is closer to the physics of thin
films that have been suggested to support FM-SkXs at
higher fields than in bulk [42]. We expect that by extend-
ing the stability region of the FM-SkX, the topological
phase transition we predict should be observed.
Throughout this work we took D/J = 1.0, while in
materials the DM interaction is typically smaller than the
exchange. Provided the continuum limit is valid, scaling
space and the magnetic field respectively by aJ/(2D) and
3SD2/(gµBJ), maps to a model with equal magnitude of
DM interaction and exchange. Thus, for a system with
D/J = 1.0 and one with D′/J ′ < 1, length and magnetic
field are related by l′ = l(J ′/D′) and B′ = B(D′/J ′)2.
For the realistic parameters J = 1 meV, S = 1, D′/J ′ =
0.05, and a = 0.5 nm, we estimate the skyrmion size
as 8a(J ′/D′) = 80 nm and the critical magnetic field as
6B′c = [bcJS/(gµB)](D
′/J ′)2 ≈ 20 mT.
State-of-the-art ferromagnetic resonance techniques
[43, 44] could be used to excite either bulk or edge
magnonic states. By tuning to an energy window within
the third magnon gap, only magnonic edge states should
be excited. Their edge localization could be confirmed
using Brillouin light scattering [4, 45]. The control
of topological phase transitions and the corresponding
low-energy topologically protected chiral magnonic edge
states by an applied magnetic field, provides a new av-
enue to exploit robust directional magnon spin currents
supported by reconfigurable magnetic textures such as
FM-SkXs.
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8SUPPLEMENTARY INFORMATION
Bogoliubov Transformation
To diagonalize the spin wave Hamiltonian HSW, Eq. (2) from the main text, the following Bogoliubov transformation
must be used
akj = U
jλ
k αkλ + (V
jλ
−k)
∗ α†−kλ , (S1)
where the indices j and λ run over {1, . . . , p} for a magnetic unit cell comprised of p spins. By introducing ak =
(ak1, . . . , akp)
T and a†k = (a
†
k1, . . . , a
†
kp)
T , and similarly for αk and α
†
k, the Bogoliubov transformation can be written
as (
ak
a†−k
)
= Tk
(
αk
α†−k
)
, (S2)
where
Tk =
(
Uk V
∗
−k
Vk U
∗
−k
)
, (S3)
is a paraunitary matrix that enforces the bosonic algebra on αkλ and α
†
kλ.
Time Evolution of Magnon Modes
In order to obtain the real-space time evolution of the magnon modes of the ferromagnetic skyrmion crystal, we
need to evaluate the expectation value of the spin operators SRj at each lattice site r = R+ rj . The straightforward
choice of using the eigenstates of the spin wave Hamiltonian
HSW = S
∑
k,λ
Ekλ
(
α†kλαkλ +
1
2
)
+ E0 , (S4)
namely, |k, λ〉 = α†kλ |0〉, has a major disadvantage. As a matter of fact, the expectation value of the spin operator
components transverse to the ground-state texture vanish for these eigenstates. While having a fixed number of
magnons—hence dubbed number states—these states have an arbitrary phase which makes them unsuitable to describe
coherent time evolution of magnon modes. The standard solution to this problem is to resort to magnon coherent
states [46, 47], i.e., eigenstates of the magnon annihilation operators. They are explicitly constructed as
|zkλ〉 = e− 12 |zkλ|2ezkλα
†
kλ |0〉 , (S5)
where αkλ |0〉 = 0, and they of course satisfy αkλ |zkλ〉 = zkλ |zkλ〉. Note that 〈zkλ|α†kλαkλ|zkλ〉 = |zkλ|2 = n¯kλ is the
average number of magnons in the λ-th band with crystal momentum k.
To lowest order in Holstein-Primakoff bosons, the spin operators are given by SRj =
√
2S
2 (e
−
j aRj + e
+
j a
†
Rj) + Se
3
j .
The expectation value we must now compute reads
〈zkλ|SRj(t)|zkλ〉 =
√
2S Re
[
e−j 〈zkλ|aRj(t)|zkλ〉
]
+ Se3j . (S6)
From the inverse lattice Fourier transform aRj =
1√
N
∑
k e
ik·(R+rj)akj , where N is the total number of magnetic unit
cells, and the Bogoliubov transformation defined in Eq. (S1), we notice that computing the time-dependent operator
aRj(t) reduces to finding αkλ(t). Solving the Heisenberg equation
d
dt
αkλ(t) =
i
~
[
HSW, αkλ
]
= − i
~
S Ekλ αkλ(t) , (S7)
we arrive at αkλ(t) = αkλe
− i~ S Ekλt. Employing the above relations, we finally get
〈zkλ|SRj(t)|zkλ〉 =
√
2S
n¯kλ
N
Re
[
e−j
(
U jλk e
iΦ + (V jλk )
∗e−iΦ
)]
+ Se3j , (S8)
where Φ = k · (R + rj) − 1~SEkλt + βkλ, and βkλ is the phase angle of the magnon coherent state |zkλ〉, i.e.,
zkλ =
√
n¯kλ e
iβkλ .
9(a) (b)
FIG. S1. Propagating nearly flat magnon modes. Snapshots of nearly flat magnon modes of the ferromagnetic skyrmion
crystal: (a) elliptical distortion, m = 2, and (b) triangular distortion, m = 3. For both panels, k = 1
2
kM , where kM is a vector
in the first Brillouin zone directed from the Γ to the M point. The phase fronts are parallel to the dashed white line and simply
correspond to locally distorted skyrmions rotated about their centers by the same angle.
Strip Geometry
Magnetic Texture Near the Edges
We use an infinitely long strip of finite width to introduce edges. Spins along the edges have less neighboring spins to
interact with. Recalculating the minimum energy spin configuration for the strip geometry results in a reconstruction
of the magnetic texture near the edges as shown in Fig. S2 (a). Locally increasing the magnetic field near the edges
to model disorder also modifies the magnetic texture, as depicted in Fig. S2 (b), effectively pushing the skyrmion
crystal further into the bulk of the sample.
(a) (b)
FIG. S2. Magnetic texture reconstruction near the strip edges. (a) Pristine system with a uniform external magnetic
field b = 0.80. (b) Disordered system with an external magnetic field b = 0.80 everywhere except along the five rows of spins
closest to the edge where it was increased to b = 3.0.
Chiral Magnonic Edge States
Chiral magnonic edge states are present within the third magnon gap of the topological phase below the critical
field [see Fig. 4 (a) and (b) in the main text]. The probability density of the wavefunction of the left- and right-moving
edge states is given by ∣∣ΨL/R(j, kx)∣∣2 = ∣∣U jR/Lkx ∣∣2 + ∣∣V jR/Lkx ∣∣2 , (S9)
where j labels the spin sites within the magnetic unit cell of the ferromagnetic skyrmion crystal in the strip geometry
[see Fig. S3 (a)] and kx is the crystal momentum parallel to the strip edges. As depicted in Fig. S3 (b), the probability
density of the right-moving state,
∣∣ΨR∣∣2, has its weight localized near the top edge, while ∣∣ΨL∣∣2 is localized near the
bottom edge.
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(a) (b)
0
0.09
FIG. S3. Probability density of chiral magnonic edge states. (a) Magnetic unit cell of the pristine ferromagnetic
skyrmion crystal in the strip geometry at b = 0.80. Only the magnetic texture near the top and bottom edges is shown. (b)
Probability density
∣∣ΨL,R∣∣2 of the left-moving (red) and right-moving (blue) magnonic edge states. Both states have the same
energy with kx = 0.45Gs for the right-moving state and kx = −0.45Gs for the left-moving state, where Gs is the size of the
one-dimensional Brillouin zone.
Skyrmion Crystal: Spins on Square Lattice
The ferromagnetic skyrmion crystal from the main text is a magnetic texture of spins that reside on a triangular
lattice. We confirmed that our results do not depend on the underlying spin lattice by considering also the case of a
ferromagnetic skyrmion crystal supported by a square lattice of spins.
The magnetic unit cell is now rectangular and accommodates two skyrmions, which leads to a doubling of the
magnon bands. Shown in Fig. S4 is the bulk magnon spectrum. Owing to the reduced number of nearest neighbors,
0.50
0.75
0.25
0.00
E
JS
FIG. S4. Magnon spectrum computed for a ferromagnetic skyrmion crystal supported by a square lattice of spins at
b = 0.52. Bulk magnon bands come in partially degenerate pairs since the magnetic unit cell comprises twice as many spins
as the triangular lattice considered in the main text. The anticlockwise (blue) and breathing (red) modes are naturally still
present at the Γ point.
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FIG. S5. Magnonic edge states. One-dimensional magnon spectra of a ferromagnetic skyrmion crystal on an infinite strip
supported by a square lattice of spins: (a) in the topological phase at b = 0.52 and (b) in the trivial phase at b = 0.60.
Topologically protected chiral magnonic edge states [right-moving (blue) and left-moving (red)] are present within the third
gap in the topological phase (a). Topologically trivial edge states (purple) can be seen within the second magnon gap, which
could be removed by disorder. Only topologically trivial edge states (purple) are present in the energy window of the trivial
phase shown in (b).
the energy scale differs from the triangular lattice case. Nevertheless, a one-to-one correspondence can be established
between pairs of partially degenerate magnon bands of the square lattice case and those in the main text. In particular,
the nearly flat and dispersive bands—including the anticlockwise, breathing, and clockwise modes at the Γ point—are
present in the same energy order.
Similarly, the external magnetic field drives a topological phase transition of the magnon spectrum. At the critical
field, numerically estimated to be bc = 0.58, the magnon gap between the anticlockwise and breathing modes closes at
the Γ point. Furthermore, these two modes invert when the external field is increased past its critical value. This band
inversion was independently confirmed from the time evolution of the anticlockwise and breathing modes, obtained
using magnon coherent states, as described above, as well as the Landau-Lifshitz-Gilbert equation.
Although the bands in the square lattice case come in partially degenerate pairs, a Chern number for each such
pair can still be computed. Just as discussed in the main text, a transfer of Chern number between the bands that
invert takes place during the topological phase transition.
Below the critical field, in the topological phase, chiral magnonic edge states are present within the third gap [see
Fig. S5 (a)]. On the other hand, only topologically trivial states may be found within this gap [see Fig. S5 (b)] above
the critical field.
